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CAD Models for Shielded Multilayered CPW

Spartak Gevorgian, L. J. Peter Linnér, Senior Member, IEEE, and Erik L. Kollberg, Fellow, IEEE

Abstract—Conformal mapping technique is used to obtain CAD
oriented closed form analytical expressions for characteristic
impedance per unit length capacitance and relative effective
dielectric permittivity of top and bottom shielded multilayered
coplanar waveguides. Analytical expressions are deduced for a
wide verity of CPW structures.

I. INTRODUCTION

ECENT PROGRESS in High Temperature Superconduc-

tor (HTSC) Microwave Devices [1], [2], Integrated Opti-
cal Traveling-Wave Modulators (TWM) [3], [4] and optically
controlled microwave devices [5] has initiated an extensive
study of Coplanar Waveguides (CPW). In Microwave Inte-
grated Circuits (MIC) CPW have complex structure [6], [7]
in contrast with that first proposed by Wen [8]. In pack-
aged MIC’s metal walls are introduced above and below
the CPW. Full-wave analysis is usually used to characterize
such complex CPW structures [9]-[11]. These analysis provide
high precision in a wide frequency band. On the other hand
conformal mapping techniques lead to closed form analytical
solutions [12] suitable for CAD software packages and they
provide a simulation accuracy comparable with full-wave
techniques [13] for frequencies up to 20 GHz. Furthermore,
analytical expressions have been derived for coupled CPW
[14], microwave losses in metal strips [15], [16] and multilay-
ered dielectric substrates of CPW [17]. This emphasizes the
potential of conformal mapping techniques.

In this paper the conformal mapping method is applied
to derive analytical approximations for basic characteristics
of top and bottom shielded multilayered CPW. The method
is based on extension of the partial capacitance technique
originally proposed by Veyers and Hanna [18]. Although
not rigorously valid for complex waveguiding structures it
provides reasonable accuracy and is used extensively for
CPW [19] and coplanar-strip waveguides [20]. For practi-
cal characteristic impedances the transverse dimensions are
small compared to the wavelength and the slots in CPW are
modeled as magnetic walls. Moreover, losses in metal strips
and dielectric layers are assumed to be small so that. quasi-
TEM approximation could be applied. Additionally, “low
frequencies” allow us to neglect the effect of longitudinal
fields introduced due to the condition 7,89 # &3 or e4.
Two basic shielded CPW models are studied (Fig. 1). In this
paper €3 = g4 = 1 is assumed for the sake of simplicity.
In general €3 and €4, may have any reasonable value which
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Fig. 1. (a) Two-layered substrate and (b) dielectric coated shielded CPW’s.

slightly changes the expressions of the effective dielectric
permittivities of the lines.

II. ANALYSIS

A. Conformal Transformations

In the quasi-TEM limit the basic characteristics of CPW, the
wave impedance and the propagation constant are given when
the capacitance per unit length is known. The capacitances
per unit length of the waveguiding structures under study
are determined assuming zero thickness of metal strips. The
line capacitance of CPW is presented as a sum of partial
capacitances. For the dielectric loaded CPW, Fig. 1(a), the
partial capacitances are determined from structures illustrated
in Fig. 2(a)~«(d). As mentioned above the layers next to
shieldings are assumed to be air filled, e5 = ¢4 = 1. Fig.
2(a) and (c) present air-filled spaces below and above the
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Fig. 2. Conformal transformations for evaluation of partial capacitances.

metal strips of CPW in the absence of dielectric layers. Partial
capacitances due to these spaces are denoted by Cys and
Cps. The other partial capacitances are due to a substrate
with equivalent relative permittivity (e; — 1), Fig. 2(b), and
dielectric load with equivalent relative dielectric permittivity
{e2 — 1), Fig. 2(d). These capacitances are denoted by Cj
and Cy. For determination of the partial capacitances we use
conformal mapping technique by mapping all domains of 2-
plane in Fig. 2(a)-(d) onto the internal domain of the same
rectangular in w-plane, Fig. 2(f). Air-dielectric [12], [16]-[20]
and dielectric to dielectric interfaces are modeled as magnetic
walls. As far as the mapped regions are symmetric only
right-hand halves of Fig. 2(a)—(d) have to be considered. The
conformal transformation is performed in two steps. First the
function

t:cosh2<—27ihz—>, i=1,2,3,4

‘

)

is used to map the domains I-1V of Fig. 2(a)~(d) onto the upper
half of Fig. 2(e). The thicknesses h; in (1) are shown in Figs.
1 and 2. Below the same notations are used for two-layered
substrate CPW, Fig. 1(b). These notations lead to simple and
similar expressions for the CPW studied in this paper. The
mappings of the domains 1 to IV of Fig. 2(a)~(d) onto the
R-plane by using (1) result in the following coordinates:

;}i) ts = cosh? (f&;_}:_g))

@)
The second conformal mapping transforms the domains of the
upper half of the R-plane, Fig. 2(e), to the internal domain
of rectangle in w-plane, Fig. 2(f), using Christoffel-Schwartz
transformation. In the case of the domains ITI and IV, Fig. 2(a)
and (c), we arrive to the following function:

2A;

W= (ts — t1)ts

ti=1;, ta= cosh2<

P, k) + Az 3)

where F'(y,k) is an elliptic integral of the first kind with

[ttt
@ = arin i)l T G
o [ta(ty — 1)
k= (t3 — Dty )

The constants A; and As are determined from correspondence
of vertices in ¢- and w-planes using (2)—(5) and Fig. 2(a) and
®.
In the case where the domains I and II, Fig. 2(b) and (d),
are concerned with the application of Christoffel-Schwartz
transformation leads to the following function:

2B

W=——==F(p,k)+ B 6
m (‘pv )+ 2 ()
with
. ts — 1
p = ariny [ = (N
ta — 1
= . 8
Sl Vi ®)

As before, the constants B; and B> are determined from
boundary conditions using (2) and (6)—(8).

The above functions map all “partial” regions of CPW,
Fig. 2(a)~(d) onto the same internal region of a rectangular
in w-plane, Fig. 2(f). Thus these mappings are equivalent
to connection in parallel the partial capacitances of CPW to
form a resultant parallel-plate capacitor of Fig. 2(f) with a
capacitance C' = Cpg + Cpa + C2 + O}

C= 6068%.
The relative effective dielectric permittivity &, and the ratio
25/G are determined below.

®
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B. Dielectric Loaded CPW (Fig. 1(a))

The partial capacitance introduced by air filled region III,
Fig. 2(a), with h, = h3 is easily found by substituting ¢, and
t3 from (2) into the (3)-(5) and applying boundary conditions
to Fig. 2(e) and (f). The result of this transformation is

K(k3)

10
K (k) {10

Coz = €9

where the modulus of the complete elliptic integrals K(k3)
and K (k}) are given by

tanh ﬁ)
ks = # (11)
2522
k4 = /1 — k2. A similar procedure gives
K (kg)
Cos=¢ 12
04 = Oz (12)
with k) = /1 — k2, and
tanh{ &%
ks = #_M (13)
(tanh) [ =552

For calculation of the partial capacitance due to the substrate,
Fig. 2(b), with thickness h; = h; and equivalent relative
dielectric permittivity (e; — 1) we use (2) along with (6) and
Fig. 2(e) and (f). The result is

K(k
Ch = (e1 — e K&}% (14)
1
K = /1-k2,
N sinh(%) s
SR sy (4
(sinh) T

For a dielectric load of thickness h, = hy4, Fig. 2(d), and the
equivalent relative dielectric permittivity (e5 — 1) from (2),
(6)—(8) one can derive

K(k
Cy = (g5 — 1)501(21;; (16)
2
with &y = /1 — k3,
sinh{ £~
ko = _<%ﬁ2l 17
sinh [ﬂsttw}

According to (9). the total capacitance is C = 2(Cpy + Cps +
Cy + Cl)
K (ks3)

. K(ky)
€= 2o [K(k;) * K(AZJ'

(18)
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Fig. 3. Conformal transformations for two-layered substrate CPW.

The coefficient 2 in (18) is due to the left-hand sides of Fig.
2(a)—~(d). In (18) the effective dielectric permittivity of the
line determined as

Ee =1+(]1<61—1)+QQ(€2—1) (19)
where the partial filling factors are given by
K(ky) [K(ks) | K(ka)
= 20
o = ) 5] + 0
K(ks) [K(ks) | K(kq)
= . 21
B Gl v
The characteristic impedance of the CPW is now
60r [K(ks) K(ks)] "
0= . (22)
Vee LK(ky) — K(kY)

C. Two-Layered Substrate CPW (Fig. 1(b))

The thickness of the substrate is (h; — hg), Fig. 1(b), and
the relative dielectric permittivity 1. The thickness and the
dielectric permittivity of the superstrate are hy and 5. As in
the previous case the capacitance per unit length is derived as
a sum of partial capacitances determined from Fig. 3. Keeping
the same notations for this CPW we arrive to expressions
(10) and (12) for the partial capacitances of lower and upper
domains given by Fig. 3(a) and (c).

Now, assuming the equivalent relative dielectric permittivity
of the substrate (¢1—1) we map the area I, Fig. 3(b), onto the ¢-
plane, Fig. 2(e), by using the transformation (1). The procedure
used for the previous case leads to the partial capacitance
given by (14). The partial capacitance introduced by a layer of
thickness ko and equivalent permittivity (e — &1) is obtained
by mapping the area II, Fig. 3(d), on the same internal domain
of w-plane, Fig. 2(f), by the sequence of transformations given
by functions (1) and (6). The resulting partial capacitance is

Cy = (g2 — €1)eg (24)

The modulus of the elliptic integrals are given by (17). Now
combining (10), (12), (14), and (24) the line capacitance of
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two-layered substrate CPW can be given as

K(ks) K(’M)}
K(ks) ~ K(ky)

C= 260&‘6]: (25)

where the effective dielectric permittivity is determined by
ce=14+qle1 — 1)+ galea —€1) (26)

with filling factors given by (20) and (21). In this case for line
impedance we have

_ 60n {K(kg) K(k4)]_1
Vee LK(kg)  K(ky)

0 @7

III. LIMITING CASES

In this section we discuss some limiting cases to confirm
the validity of the above analysis. Also it will be shown that
analytical expressions could be deduced for a wide verity of
CPW structures.

A. Dielectric Loaded Unshielded CPW

For unshielded CPW in Fig. 1 and (11) and (13) hg = hy =
oo leading to k3 = k4 = ko. where

S

ko = P (28)
with K (k3) = K(ky) = K(ko) and
UKk KR 1K (k) K(k))
nE IR K IR KR

as follows from (21) and (22). The effective dielectric permit-
tivity is obtained from (19) by substituting filling factors from
(29). The capacitance per unit length and the characteristic
impedance are deduced from (18) and (22)

_ K (ko)

C = 4ege, K (k) (30)
30w K (k)

& VEe K (ko) Gb

For hy = 0 limit from (17) we have k2 = 0 and from (29)
ge = 0. This reduces the dielectric permittivity from (19) to

€1 — 1 K(k‘l) K(k())

32
2 K(K) K (ko) G2

e =1+

a result first given by Veyers and Hanna [18]. From (19) for

€9 = 1 limit we are left with (32) at any h» value. In addition

for hy = oo limit k1 = ko and from (32) one can get the

well-known approximation first given by Wen [8]
14+¢&

Ee = .

2

(33)

B. Two-Layered Unshielded CPW

For this CPW the assumption hz = hy = oo leads to
(28) and (29). Then the effective permittivity is determined

775

substituting (29) into (26). For this new effective permittivity
the line capacitance and impedance are determined from (30)
and (31).

Now if the thickness of the dielectric layer hy = 0, Figs.
1(b) and 3, from (17) we find k2 = 0, which means that
K(k2)/K(K5) = 0 and g2 = 0. For this case from (26)
we arrive to (32). From (26) we arrive to the same well
known permittivity, (32), for any value of ks where e = e3.
Additionally from (26) follows (33). Further, for hy = o0
limit (he < hi) we have an infinitely thick substrate CPW
with relative dielectric permittivity 2 and effective dielectric
permittivity (eq -+ 1)/2.

C. Conductor Backed CPW with Upper Shielding

For both the CPW’s studied, Fig. 1, the Ay = hg limit should
be discussed specially since at this limit one has a rapid change
in the boundary conditions and the expression for %, in, (15).
becomes invalid. In this case the application of (7) for mapping
of regions I and III in Figs. 2 and 3 onto the internal region of
rectangle in the w-plane, Fig. 2(f), is not valid and the function
(3) should be used instead. The bottom shielding serves as an
additional ground plane. Implementation of (3) to regions I in
Figs. 2 and 3 leads to complete elliptic integrals K(k11) and

K(k};) with modulus &}, = /1 — k% and

tanh(é;l—s’l)

(15"

Hence for both types of conductor backed CPW the results
of above the analysis are applicable provided that instead k1,
(15), ky1 is used.

For the dielectric loaded CPW, Fig. 1(a), at ho = h4 limit
instead of ko given by (17), the following expression should
be used:

tanh ( %)

kog =

On the other hand for thick substrates where the arguments of
sinh and tanh functions are small for conductor backed CPW
(15) and (17) still can be used. For hy < g limit, special care
should be taken where the air gap, (hs—hy ), between substrate
and bottom shiclding is small and comparable with the field
“penetration depth” beyond the bottom surface of the substrate.
For hy < g limit, the analysis of Section II is applicable with
high accuracy if (hg — h1) > Ao[2mv/ee — 1|71, where Ao is
the free space wavelength. It should be noted that the main
limitations regarding hg4, hg, and e, discussed above are also
applicable to the conductor backed CPW with the exception
ha = 0 for dielectric loaded waveguide, Fig. 1(a). A summary
of limiting CPW structures is given in Appendix A.

IV. NUMERICAL RESULTS

Although the validity of the expressions detived in Section
I have been proven in some special cases in the previous
section here we provide additional comparison of the results
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Fig. 5. The effective diclectric pernuttivity of unshielded two-layered sub-
strate CPW.

TABLE 1
THE WAVE IMPEDANCE OF TWO-LAYERED SUBSTRATE CPW

2s, £, Z,,
wm um Ohm

measured (4] | calculated [4] | this method
20 5 27 257-27.1 24 80-25 48
48 10 245 241-250 22.98-23 32
150 25 23 219-22.4 21 28-21-40

of the analysis with results of available full-wave analysis
and experiments. The dependence of the effective dielectric
permittivity for unshielded dielectric loaded CPW is given
in Fig. 4. In computations hz = hy = oo is assumed with
h1 = 750 mm, hy = 150 um, €1, 5. The data are taken from
[91 where the computations has been carried out using spectral-
domain approach. As it follows from Fig. 4, the agreement
between two results is within 1.5%. In Fig. 5, the dependence
the effective dielectric permittivity of two layered substrate
CPW upon gapwidth g is compared with the results of partial
wave analysis [2]. In this case the following data have been
used in computations: &1 = 10, g5 = 1500, hy = 0.1 um,
hi = hy = hqy = o0, s/g = 1. It follows from Fig. 5 that

80 . ' . .
75
70 b
65
60 |
55 |
s0 |
as |

40 J 1 1 1
0 20 40 60 80

g, um

———This method
e [21]

Zo, Ohm

100

Fig. 6. The wave impedance of unshielded two-layered CPW.
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Fig. 7. The effective dielectric permittivities of conductor-backed shielded
CPW. (a) Dielectric-loaded CPW. (b) Two-layered substrate CPW.

the ¢, from [2] is slightly larger. The discrepancy perhaps
is due to the kinetic inductance of superconductor films used
in [2]. Experimental data for wave impedance of two-layered
substrate CPW could be found in [4]. A comparison of
calculated characteristic impedance obtained in this work with
experimental and theoretical results of [4] contains the Table 1.

The data used in the calculations e; = /(28.3 e 43),
€y = 2.14, hp = 0.6 + 0.85 pm, hy = 1000 pm. Excellent
agreement has been found for wave impedance of two layered
CPW experimentally studied by Patterson [21]. Fig. 6 shows
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Fig. 8. Appenhdix A: (a) Limiting structures for dielectric coated shielded CPW model. (b) Limiting structures for two-layered shielded coplanar

waveguide model.

the dependence of Z; upon half-gap width g with experimental

point and data taken from [21]. The CPW consists of 2.2-

pm-thick alternating silicon nitride/oxide layers laid on top of
635-pm-thick gallium arsenide substrate.

Computation for a conductor backed CPW without upper
shielding have been carried out for the model given in [10].
In this model e; = 13, hy = 0, hy = hs, 25 = 200 um,
g = 100 pm. The results of these computations are presented
in Table II indicating good agreement. The dependencies of
effective dielectric permittivity of shielded conductor backed
dielectric loaded and two-layered substrate CPW are shown in
Fig. 7. The results of full-wave analysis are for 10 GHz from
Liu and Itoh [22]. .

Computations for top and bottom shielded CPW, Fig. 1(a),
with Ay = 1000 pm, he = 0, &1 = 9.35, hy = 5500 pm,
2s = g = 2000 pm have been compared with the results of
spectral-domain analysis [11]. The large divergence in e, (6%)
could be. attributed to poor accuracy of quasistatic model for
large ¢ limits.

For computation of the ratio of the elliptic integrals well
known approximations [12] can be used for k£ and &’ values

TABLE II
SLowING Factors FOR CoNDUCTOR-BACKED CPW
hy, pm 1/€ ,this method 1/€,,[10)
50 0.316 0.319
100 0.339 0.339
150 0.359 0.352
300 0.383 0.368
500 0.393 0.374

in the range 0.1 <+ 0.9. Determination of line parameters for
h; — 0 limit faces some computational problems concerned
the accuracy and singularities at in k and k' near the O and 1.
Approximations given in Appendix B are aimed to overcome
this problem.

V. CONCLUSION

The characteristic impedance and the effective dielectric
permittivity of CPW’s calculated using the method presented
above are in good agreement with the -experimental and
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theoretical results available in the literature. The validity and
the accuracy of the expressions are within the limits well
known for conformal mapping based quasi-TEM approxima-
tions used for CPW. Although €3 = ¢4 = 1 have been
assumed in this work the expressions for e, can be written
for general ¢35 # &4 # 1 case making the expressions
slightly complex. Also the models can be extended for CPW
with more dielectric layers than has been used in this work.
From general expressions obtained for multilayered shielded
CPW’s analytical approximations are deduced for a wide
verity of practical CPW structures. The analytical expressions
are general and highly suitable to be used in complex CAD
packages. Their accuracy can be improved using the method
described in [13].

APPENXIX A (See Fig. 8, above)

APPENDIX B

1) Approximations for the elliptic integrals ratio. An effi-
cient and fast converging ratio for the complete elliptic
integrals of the first kind can be derived from ¢-series
[23]. Assuming m = k* and mq = 1 — k? we write

K(k) _ _ﬂ{ln {ﬂ +8(ﬂ)2 +84<ﬁ)3

K(k) 16 16 16
4 -1
+992(%) +H ., (B1)
for 0<k<1/V2
and
K(k’) _ 1 my m1 2 mq 3
KE) —;{m {E +8(75) +s4(55)
mq 4
+ 992(%) +” (B2)

for 1>Fk>1/V2.

The computation accuracy is better than 1078,
2) Approximations for hy = 0 limit. For this limit from

(17) we have
g
ko = - .
2 exp( 2h2)

For k = 0 (m = 0) limit in (B1) taking only the first
term we get

K(ka) _ ho

K(ky) g
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